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METRICS WITH VALUES IN ENDOMORPHISMS
OF A FIBRE BUNDLE

PAUL L. KING

Introduction

The essential features of an inner product on a (finite-dimensional) real
vector space V' are symmetry and positivity. Hence in § 1 the notion of inner
product is generalized to linear maps @: V& V — Hom (W, W), where W is
a real finite-dimensional inner product space and @ has the properties: (i) for
all u,v eV, O(u, v) = O(v, u)*; (ii) for all v == 0, @(v, v) is a positive trans-
formation. Such a map is called a Hom (W)-valued inner product; the set of
Hom (W)-valued inner products on V' may be identified with a subset of
Hom (V, V) ® Hom (W, W). Real inner products on R*, hermitian inner pro-
ducts on C* (= R*), and certain Clifford structures are examples of Hom (W)-
valued inner products.

There are natural actions of GL(V) & GL(W) and SO(V) & SO(W) on the
set of Hom (W)-valued inner products ; these actions are investigated and their
isotropy groups computed for some special cases. Generically these groups are
trivial.

If M is a smooth oriented manifold, the notion of Riemannian metric on M
is generalized in § 2 to the smooth assignment of a Hom-valued inner product
on the tangent space, and the space W at each point may be taken as the fibre
at the point of a vector bundle #” on M. Thus a Hom (#")-valued metric of
type @ is a reduction of B(M) & B(¥#") to a principal bundle B,, where G is
the isotropy group of @ under the GL-action.

Hom (#7)-valued connexions and covariant differentiation are defined in
§ 3. Compatibility and symmetry conditions for a connexion are given; there
exist symmetric connexions compatible with a given metric, and the self-adjoint
parts of all such connexions are equal. There are two ways of computing
second covariant derivatives ; generally these methods produce unequal results.
There is at most one symmetric compatible connexion for which the second
derivatives are equal; if such a connexion exists it is said to be invariant. In-
variance is a generalized kdhler condition.

In § 4 a torsion form is introduced using G-structures. Vanishing of torsion
is interpreted as an integrability condition in several cases. An invariant com-
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patible symmetric connexion is shown to have torsion zero. Hom (#")-valued
curvature is defined and constant curvature analyzed for invariant metrics. A
structural equation is then derived.

It is a pleasure to thank I. M. Singer for his help on all stages of this work.

1. Hom (W)-valued inner products

Let V be a real n-dimensional vector space, and W real m-dimensional inner
product space. A Hom (W)-valued inner product on V is a linear map @: V
QV — W* @ W satisfying :

(i) forall v,v eV, O, v) = 0@, v)*,

(i) for all ¥ # 0, &(v, v) is positive.

¢ induces an inner product g on V by g(v, ") = _1_ tr (v, v’). Denote by g
m

the map V' — V*: v —g(v, -) and by & the map £7': V* — V. Also define
@V LWV W*QW) by O = O, &y). Let trd: W —W be

i ?(v,, v;), where {v;} is any g-orthonormal basis for V. Clearly this defini-
£=1

tion is independent of choice of basis.

Any inner product structure ¢, > on W induces from@amap V@V — (W
& W)* and its adjoint W @ W — (V & V)*. Identifying V with V* via g then
gives @*: W@ W — V* ® V, which in turn induces a new inner product

o "on Widw,wh™ = 1 tr @*(w, w'). @ is proper if {, > =<, >~.
n

Proposition. A necessary and sufficient condition that Q be proper is that
tr® =nidy.
Proof. Let v, ---, v, be a g-orthonormal basis for V. We have {w, w" >~
=L@, wy =L 3 8(@*(w, W, v;) = 1 2 KDy, vIw, W =
n n ia n s

L ow, wy. qe.d.
n

There is a natural action of GL, X GLy on the set of Hom (W)-valued
inner products on ¥, given by

(R, YD)(v,v) = S*P(Rv, Rv')S

for (R,S) e GL, ® GLy. (The action is of GL, ®r GL4 instead just of
GL, X GLy since, by the linearity of @, (R, tS)@ = (iR, $)® = (R, S)P for
(R,S) e GLy X GLy,t € R.) This action restricts to an action of SO, ® SOy .
Let G and G denote the identity components of the isotropy of the GL and
SO actions for some &, respectively.

Example 1. If dim W = 1, then a Hom (W)-valued inner product on V is
just a real-valued inner product on V. In this case G = G = SO,.

1.1. Proposition. If n > 2, m > 2, then for generic @, G is trivial.
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Proof. Suppose there is a l-parameter family of solutions (R, S,) to the
equation (R,, S,)® = @ (J¢| < ¢) such that (R,, S,) = I. We may assume that

%(Rt, S:)!s-q # 0. Choosing coordinates in ¥ and writing @ = (¢;,), R = (R,;)

(¢;; e Hom (W, W), R;; ¢ R), we have from (R,,S,)® = @ the system of
equations

Sg-l*¢”:_7sﬁ_1 = Zﬁ ¢aﬁRai,£Rﬂj,t for a].l i?]' >

whence
0= 151_1’1;1 %(Sz"‘lséw&‘l - ;Z;e ¢a,‘3Rai,tRﬂ]'.£) )
i.e.,
0= 6.,57(0) + 55 (Os; — 3 §1Ris.l0) = T Rt O
This is a system of {nm(nm + 1) linearly independent homogeneous linear

equations in n* + m? — 1 variables (the — 1 occurs because GL, and GL are

tensored together over R). Thus there are no nonzero values for di(R” Sl —os
iA

a contradiction, if mn(mn + 1) > n* + m* — 1. Butn > 2 and m > 2 imply

m> [B s __—n 13
2 T 2 —-2 2
> —n 5 2 n
2(n* — 2) +\/ T T A — oy

_ —n+ ¥Vt — 4 —=2)2 — 2nd)
2012 — 2) ’

whence (n® — 2)m* + nm + (2 — 2n®) > 0 by the quadratic formula, i.e.,
Imn(mn + 1) > m* + n* — 1.

Notation. G, =GN (SO, D{I}), Gy =GN{}DSOy), G' =G /Gy + Gy

The proposition shows that unlike the situation when dim V or dim W is 1,
for dimensions > 1 generically G = {I}. Observe also that there is no reason
to expect generally that G = G, i.e., that (as in the one-dimensional cases)
every isotropy element will be orthogonal. Since G is the maximal compact
subgroup of G, of course G retracts onto G. In addition there are other rela-
tions between G and G:

1.2. Proposition. If (R,S)e G we may assume that R e SL,; then
SeSLy. Thus there is a natural inclusion G — SLy, @ SL,,. Moreover,
GN@SL, ® SOy = GN (SO, ®SLy,) = G
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Proof. (_&%, (det R)S) = (R.S) as an element of G C GL, ®z GL,,
€ .

so clearly we may assume that det R = 1. Now for all v ¢ V, det (&(v, v))
— det (S*O(Rv, Rv)S) = (det S)* (det O(Rw, Rv)), so SLLRU RY) _ (4o g
det @, v)

is independent of v. Hence det ®(R¥», R¥v) = (det $)*¥ det &(v, v), which is
possible for all v, N only if (det S)* = 1. Therefore det.S = 1 since (R, S) is
in the identity component of the isotropy. Finally, if R (respectively, S) is or-
thogonal, conjugation of @ by R (resp., S) leaves invariant the positive trans-
formation tr @ ¢ Hom (W, W) (resp., tr @* ¢ Hom (V, V)). Conjugation of tr @
by S (resp., tr &* by R) must therefore also leave it invariant. Therefore
S € SO, (resp., R € SOy).

1.3. Corollary. GN(GL, ®{}) = Gy, GN {I} ® GLy) = Gw

Observe that @: V @ V — W* @ W induces (identifying W with W* via the
inner product <, ») a symmetric bilinear form (V@ W)X (V@ W) — R. In
general this form need not be positive. (The lack of necessary positivity in
higher dimensions than 1 is why not to expect that generally G = G. When
dim W = 1, the form is, in effect, @ itself, and therefore is positive.)

1.4. Proposition. If the induced bilinear form on V @ W is positive,
then G = G.

Proof. A positive bilinear form is preserved under conjugation only by
orthogonal transformations, and (R, S) is orthogonal as an element of GLy&w
if and only if R € Oy, S € Oy .

Example 2. Suppose dim W = 2, Jy: W — W is {, »-orthogonal with
J3, = —I, dim V = 2k. Suppose V', and V, are complementary k-dimensional
subspaces of V with projections x,, z;. Suppose @ is a Hom (W)-valued inner
product satisfying

O(u, v) = (g(x,u, 7,v) + glmu, =)
+ (glmu, mv) — glr,u, mw))w

for some positive symmetric real-valued bilinear form g on V. Then V is given
an almost-complex structure J,- defined by &(J,v) = J&(v), @ is an hermitian
metricon V, and g = 1 tr @. In this case Gy = Uk) < SOQk), Gy = SO(2)
=S5, G =0.

Example 2 bis (cf. [4, p. 22]). A complex-bilinear map F: C* @ C* — C™
is V-hermitian if for all u, v € C*, F(u,v) = F(v,u), F(u,u) ¢ V (where Visa
given convex cone, not containing an entire line, in R* ; for instance the cone
of positive transformations in GL(m, C) (m* = M)), F(u,u) = Oonly if u = 0.
By suitably embedding C¥ in GL(m, C) we obtain the complex analog of a
Hom (GL(m, C))-valued inner producton C* (i.e., amap@: UQ U - W*Q W
such that O(u, v) = 0@, w*, d(u + tw,u”’) = O, u”) + tdw’, v’y for
t e C, and @(u, u) is positive for u = 0).
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Example 3. Suppose V is of even dimension 2%, and «: C(V) — Hom (W)
represents the Clifford algebra of V' as endomorphisms of a vector space of
dimension 2* over R or 2%~ over H = quaternions. Then @(u, v) = a(u)a(v)*
defines a Hom (W)-valued inner product on V, which may be considered a
C(V)-valued inner product. Here G, = Sp, and Gy = SOy

Example 4. Dim V = 2, dim W = 2k. There are three possibilities: (i)
G=1IBGy; () G=8PGCGy,G, =5, (ili)) G = D Gw, Gy = 0. (The
only other seeming possibility would be that G, = $' and G’ = §*, but this cannot
happen. For suppose G, = §%, (R, S) € G. Then (R, ) ¢ G also; hence so is
R,OR, D™ = (1,S5),and (I, S) ¢ Gy. Therefore G' = G/Gy @ Gy is trivial.)
Let J: V — V be g-orthogonal with J2 = — . A necessary and sufficient con-
dition for (ii) is that there exist a positive linear map A : W — W with tr A = 2k,
and a skew-adjoint map B: W — W, such that for any v,v' e V, &(v, V") =
g, v)A + g(Jv, v")B. In fact, this condition is clearly sufficient. On the other
hand, if G,, = §*, we must have: for all v such that |v| = 1, @(v,v) = 4 for
some fixed positive 4, and &(Jv,v) = B for some fixed B. But then B =
DT, Jv) = —P(v, Jv) = — B*, so B is skew-adjoint. Finally, for allv, v’ ¢ V,
write v = av + dJv; then @, v) = [vfOW/|v],av/|v| + blv/|v]) =
ajvfA — b|vfB = gv,v)A + g(Jv,v")B.

Necessary and sufficient conditions for (iii) are: there exists e¥ e SOy such
that: (a) for all 8 ¢ R, e %7 (tr ®)e*’ = tr @ ; (b) for any nonzerove V

e——MﬂBleMo — Bl ,
e—:M/?B//e:M/Z — __B// ,
@(’0, Q)) — l(trd? + e~ MR T M5 _ e:M/4B/le—:M/4) ,
OUv,Jv) = F(tr @ — e "¥/*B"e" M/t 4 gMlB eIty |
where we have written @(Jv, ¥) = B = B’ 4 B” with B” (respectively, B’) self-
adjoint (resp. skew-adjoint). For suppose (e*’, e¥?) fixes @,8 generic. Since
by hypothesis G, =0, we have G = Gy + §', where §' is given by
{(e?, €%%): § ¢ R}. Since conjugation by e* does not alter tr @, it follows that
e~ (tr D)e”? = tr @ for all § € R. Now choose nonzero v ¢ V' ; {v, Jv} is a basis
for V. Let 4 = ¢(v,v), C = O(Jv,Jv), B = O(Jv,v), and write e¥’ = §,
gt — [cosf  —sind)
Lsin 6 cos8)
Using A + C = tr @ we see that the equation (e*’, e¥?)@ = @ is equivalent to
(1) Acos28 — S*AS 4 B”sin26 4 (tr ) sin*d =0,
(2) Asin28 — B”cos20 — B' 4- S*BS — (tr @) sinfcosf§ =0 .

The skew-adjoint part of (2) gives e~¥°B’e”’ = B’. Considering symmetric
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parts, multiplying (1) by sin 26, (2) by cos 26, and subtracting give
S*ASsin 20 — B” 4+ S*B”Scos28 — (tr @) sinfcos§ =0.
Conjugating by S* and subtracting from (2) yield
(3) B” cos 20 = $(SB”S* + S*B”S) .
Choosing § = x gives
IR/ o= HIh | =TSR/ HIS — () |

i.e.,

): L ) Y

and the formulas for 4 and C now follow from (2) and tr @ = 4 + C. Finally,
to show the conditions sufficient, diagonalize B and find S explicitly from (3).
In fact, one may choose coordinates so that

~

(4, —a,

B = A — 0y , 4>+ >2 >0 (notall; =0),

ak ‘—ak

la, — A

2; - 21\

A=1trd + A , C=trd— &
Zk zk
\/21 J *21 i

Example 5. Dim V = 2k, dim W = 2. This case is almost but not quite
dual to the preceding. Again there are three possibilities: (i) G = G, @ {I};
(i) G = Gy DS, Gy = §; (i) G = Gy @ S, Gy = 0. This time a necessary
and sufficient condition for (ii) is that @ be proper and that there exist a skew-
adjoint map B: ¥V — ¥V such that for all w,w" e W, @*(w, w) = {w, w'DI +
{Jw,w'>B, J being an < , >-isometry with J* = —1. Similarly a necessary and
sufficient condition for (iii) is that @ be proper and that for w ¢ W there exist
an e¥ ¢ SOy such that: '

e~ HIB/eM — B/ | forallgeR,

e ¥I'B'eM/t = B |
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@V(W’ W) — I + _é_(e—:M/aiB//e:M/z} _ e:M/4B//e:M/4) s

o*(Jw,Jw) =1 — %_(e=41{/4B//e:M/4 . R MBI RNy |

where B’ (respectively, B’) is the self-adjoint (resp., skew-adjoint) part of
O*(Tw, w).

The necessity for the propriety of @ is seen as follows. Pick orthonormal
bases for ¥ and W with respect to g and {, >; write 4 = &*(w,w), C =
O*(Jw, Jw). The orthogonality of the basis for V implies that 4 + C = 2I.
The conditions for the propriety of @ are thattr 4 = tr C = n, tr B = 0. But
in both cases (ii) and (iii) we must have 4 ~ C, B ~ —B*, so these conditions
must be fulfilled. In this case, by taking suitable coordinates we may write

Ul —a)
Ay — Gy "
B = , 4> >2>0, notalli, =0,
ay —Ag
Lal 21)
(1 A (1 —2;)
4 = 1 2 . C= 1 —2
A 1 —2; 1
A, 1) \— 4, 1)

Example 6. Suppose j: ¥V — Hom (W) is linear ; then &(v, "), = j(»)j(v")*
is a Hom (W)-valued inner product. Suppose ¥ C Hom (W) is a represented
Clifford algebra and image @ C ¥, V splitting into subspaces V', each linearly
isomorphic to % under j and such that $(v;, v;) = Oforv; e V,, v, e V,, i £ k.
Then ¢ defines a Clifford module structure on V. In this case G is a direct
sum of spin groups, Gy varies.

The set of Hom (W)-valued inner products on ¥ can be identified, via
choices of bases on ¥V and W, with a subset of the symmetric (mn X mn)-
matrices. The subset is clearly convex and open, and properly contains the
positive (mn X mmn)-matrices. It is thus an open imn(mn + 1)-cell. The orbit
space is the quotient of this cell under the effective action of the (m* + »* — 1)-
dimensional group GL; @ GLy, which is a free action off a set of measure
Zero.
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2. Hom (#")-valued meftrics

Throughout the sequel unless otherwise noted we shall assume M to be a
smooth oriented n-dimensional manifold, and %" an oriented vector bundle on
M with m-dimensional fibre, isomorphic with the inner product space W and
thus itself inheriting an inner product; that is, we assume a priori a (real-
valued) metric on #". If @ is a Hom (W)-valued inner product on the n-dimen-
sional vector space V, a Hom (#")-valued metric of type @ on M is a reduction
of the principal bundle B(M) & B(#") (with group GL, & GLy) to a principal
bundle B, with fibre G. If the fibre B(M), (respectively, B(#",) is considered
as the collection of isomorphisms V' — TM_ (resp., W — #”,) we may, given
O, write 9,(X,Y) = qo@(p™'X,p7'Y)oqg™! for X,Y e TM,, (p,q) € B;. By
definition of G, @.(X,Y) is defined independently of choice of (p, g). Thus a
Hom (#7)-valued metric of type @ may be considered the smooth assignment
of Hom (#".)-valued metric to TM,, with the metric at each point being in
the orbit of @.

Example 1 (cont.). If #  is the trivial line bundle, then @ is an affine inner
product on ¥, and a Hom (#")-valued metric on M is just a Riemannian metric
on M.

Example 2 (cont.). If # is a trivial R*bundle, and @ is as in Example 2,
then a Hom (R%-valued metric of type @ defines an almost-complex structure
with hermitian metric on M.

Example 3 (cont.). If @ is asin example 3, then a Hom (%#")-valued metric
on M defines an almost-Hamiltonian structure (cf. [5, p. 36]) on M, with a
“Clifford-valued” metric.

We consider the problem of the existence of a Hom (#7)-valued metric of
type @.

2.1. Proposition. The existence of a Hom (#°)-valued metric of type @
on M is equivalent to the reduction of Bgo, (M) & By, (#7) to a principal
bundle Bg with group G. If G' = 0, then this reduction is possible if and only
if Bgo,(M) and By, (#") reduce to B;, (M) and B, (#"), respectively, i.e., if
and only if the associated bundles Bgo,(M)/G, and Bgy,(#)|Gw admit
sections.

Proof. The first statement is clear, since B(M) @ B(#") can always be re-
duced to Bgy, (M) @ B, (#7), a principal bundle with group the maximal
compact subgroup of GL, ® GLy. The obstructions to reducing to Bg lie in
H*(M, 7,(SOy @ SO /G)), and when G’ = 0 this is just H*(M, z.(SOy /G, @
SOw |Gw)) = H*(M, (SO |Gy)) + H*(M, 7,(SOy /Gy)), proving the other
assertion. q.e.d. .

For trivial %" the metric thus exists if and only if Bg,, (M) /G is sectionable.
if #  is nontrivial, then both bundies must be tested.

Example 2 (cont.). Gy = SOy = U(1), 50 Bgy, (#7)/Gw is trivial and
admits a section whether %~ is trivial or not, and M admits a Hom (#")-valued
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metric of type @ if and only if M admits an almost-complex structure.

Example. The preceding discussion has assumed M to be oriented. Suppose
for this example that M is the (nonorientable) Mobius strip. M does not admit
a Hom (R?-valued metric of type ¢ in Example 2 because it is not almost-
complex. However, M does admit a Hom (TM)-valued metric of type @ as
follows : pick a Riemannian metric on M, and define @(u, v) = rotation of the
tangent plane so as to carry the unit vector in the direction of u to the umnit
vector in the direction of v, and scalar multiplication by |u}-|v|. The existence
of this @ may be thought to say that M is “twisted almost-complex™ (its double
cover is almost-complex).

Example. If V =R' =W,

((e; e) —1,

(0 1 0 0
(e, ez)}_} -1 0 0 O}
(5 €) 0 0 0 2|’

L o0 -2 0

o: -

0 —1 0 O
(ezy ei)}_> 1 0 O 0
(e, €) 0 0 0 —2|’

o o0 2 o
\(ez‘y e;)—0, otherwise,

then Gy = UQ2) and Gy = $* X 8, SOy /Gy ~ S* X S%, and By, (#)/Gw
is sectionable when the obstruction ¢ ¢ H¥M, n,(SOy /Gy)) vanishes {6, p.
178]. Thus a Hom (#")-valued metric of type @ exists if and only if M is
almost-complex (so By, reduces to By, = By,,) and #” admits an almost-
product structure (so By, (#") reduces to Bg,, = By f. [5, p. 36D.

Example 3 (cont.). The obstruction to reducing Bgo,(M) to Bg,, (M) is
the second Stiefel-Whitney class of M. When this vanishes, i.e., when M is a
spin manifold, a bundle with fibre W can be defined such that C(TM,) =
Hom (#°;). Then SOy /Gy = 0, so a metric of type @ exists.

Now suppose G’ = 0. If Bg,, (M) and By, (#7) reduce to Bg; (M) and
B (#7), then a Hom (#")-valued metric of type @ exists. However, the con-
dition is not necessary. Let j: G' — (SO, @ SOy) /(G @ Gy), q: (SO, @
SOw) [ (Gy @ Gy) — (SO, D SOy)/G. Then we have an exact sequence

s 1,.,((SOy @ 50 [(Gy ® Gr)) —L> 7,.,(SO, @ SO /G) —
> 724G > 7 (SOy B SOw) (G ® Gry) — - - -

whence a short exact sequence
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0—> FE% @ jSOvE)G/f)Gv DGw)) ., 250y @ SO%)/G) —>
%74

4; .
— ker {j.: 7;_y(G) — 7; (50, @ SO%) /(Gy @ Gy))} —> O
and an exact cohomology sequence

. — H*Y(M, kerj*) _‘8__, Hk(M, ﬂi((SOV @ "S'OW)/(GV @® Gy)) )
Jx7:(G")

% A%
4, HMM, z,((SOy @ SOy)|G)) ——> H¥(M, ker j,) —> - - - .

Suppose ¢¥*t ¢ H** (M, 7,((SOy D SOy) /(G D Gy))) is the primary obstruc-
tion to the sectioning of By, (M)/G, and Bg,, (#7)/Gyw. Then c**! induces
an element &**! ¢ H**'(M, z,((SO, @ SOy )/G)), which is the primary obstruc-
tion to sectioning (B, (M) @ By, (#7))/G. We also have an exact sequence

0 — jxmi(G) —> m((SOy ® SOw)/(Gy ® Gyy)) —>
—> 7((SOy @ SO) [(Gy @ Gw)) /jx7(G) —> 0,
where p,. is defined by the sequence, whence a cohomology sequence

wo —> H¥YM, jym,(G7) L, BY(M, 7,((SOy ® SOw) /(G ® G)))

__f’___> H"“(M 7((SOy @ SOy) | (Gy @ Gw)) )
’ j«mi(G))

Hence
2.2. Proposition. The primary obstruction to reducing to By, %! = 0,
if and only if

' =ag*h,  he H*'M,jm:G)) ,
or
p*ck'H = ‘B*il 5 il € H"(M, ker ],c) N

(notations as in preceding discussion).

2.3. Corollary. Suppose j:G — (SO, @ SOu) /(G @ Gy) induces
homotopy injections at all levels. Then the primary obstruction is an element
of H**'(M, 7.((SOy @ SO) /(Gy @ Gw))) |H** (M, z,G').

Proof. For H¥M, kerj,) = 0 for all &, so &**! = 0 if and only if ¢**! =
a*hforh e H**Y(M, j.x,G’), or alternatively, ¢**! = a’*i’, where b’ ¢ H**'(M,
7,G") and
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o : H5(M, ,G') — H*(M, j7,G")
<y HAM, 7,((SO, @ SO /(Gy @ Gx))) -

Example 5 (cont.). If dim W = 2, then G’ vanishes unless G = 0, and
then G’ = 0 or §'. In the latter case we have topologically G = G, X S, so
j:8° ~ (805 /Gy) X S* induces an injection in homotopy. Hence the obstruc-
tions to a Hom (#")-valued metric of type @ lie in H**'(M, 7. ((SOy /Gy) X
SO/ H Y (M, 7,(SY)). Thus we have a corollary to the previous proposition :

2.4. Corollary. In this example a metric of type @ is possible only if the
only obstruction to sectioning (SO [Gy) X S* lies in H (M, n,((SOy | Gy) X SY).

For instance, if dim M = 2 and @ is given by

_ [ 1/4 [ —1/4
(eh el) Ll /4 1] > (eza ez) L_1/4 IJ >
(e, 32)} (1/4 0)

(e 0 —1/4)

for some e, ¢ V and e, = Je, (J* = —I), then SO, /G, = 5, and j, : = (G’)
= (8 - 7,((SO, /Gy) X SH =Z D Z: n— (n,n). Since H* M, Z P Z) =
Z® Z, M will not admit a Hom (#")-valued metric of type @ with #~ trivial
unless M is flat. But M will always admit a Hom (TM)-valued metric of type
@. (Choose an almost-complex structure J on TM and for any unit vector
v e TM define

O, v):v—v + v, Jv—-tv +Jv,
O(Jv,v):v— v, Jv — 1iv.)

In fact, the discussion shows that M admits a Hom (#7)-valued metric of
type @ if and only if the characteristic class (in the sense of [6, p. 178])
¢ € H (M, 7,(SOy)) of #" generates HX (M, Z).

Now the fibre (B,) of B, (x € M) may be considered as a set of isomorphisms
V&W — TM,® W,. The right action of G on B, is then given by

(Rig.5,(0, )0, W) = (p, q)(av, bw) .

As previously noted, G may be considered naturally as a subgroup of SL, @
SL,,, where W is given its a priori inner product and V has the inner product
g induced by @.

If =: B, — M is the projection, define a V-valued 1- form @ on B; by
o(X p,q)) = P77 X. Similarly the fundamental linear form @ on B; is the
Hom (V*, Hom (W, W)) = V ® W* ® W -valued 1-form on B, defined thus:
for X € Ty, sBg, v* e V¥, we W, x = n(p, ),
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@X))W¥IW = g HD (x4 X, 0% 09))(gW)) .
Observe that @ = @ o and also that
((R:ka,b);;)(X(p,q)))(@*)w = (z(R(a,b):X(p,q)))(’U*)W
= b7'q7 (PR (g1 X (5,0, & (7 T1@* T 10%)) (gbW))
= b g (D (7w X (5, E(P* 'a* T 0¥))(gbw))
= b ((@(X))(a*v*)(bw)) .

(4)

Alternatively, think of & as a (V ® W* ® W)-valued form, and (4) becomes
(5) R o = (a™, b, 675 ,

where a and b™! act on the left and b acts on the right.
Infinitessimally, let (4, B) ¢ 3 = Lie algebra of G. Then (exp 14, exp1B) ¢ G
and R, 4, exp:m 1S @ One-parameter group of diffeomorphisms of B,. Let its

infinitessimal generator be (:4,\35). Clearly ~ commutes with Lie bracket and
x*(;I,\é) = 0. Thus we have described a canonical isomorphism of § with the

tangent space to the fibre of B; at any point. The infinitessimal version of (5)
becomes

(4, B) L dé = (—A,1,D& + (,B,Dé + U, 1, —B)&

(6 .
) =(—AQIRI+IQBRI~-IRI® B,

where i denotes interior product. Write
V(A4,B) = (—AQIQI+ IQBRI - IRQIRXB) .

Let (p,q) € B, and let H, ,, be an n-dimensional subspace of T, ,Bs-
H 4 is horizontal if w H o = T, p.,M, ie., if Hgy, is complementary to
the tangent space of the fibre. Then w: H, ,, — V is an isomorphism, and the
restriction do: Hp gy A Hep g — V ® W* ® W is now given by the linearity
of § as do = Podw.

3. Hom (#")-valued connexions

In this section we shall assume M to be an oriented n-dimensional manifold,
#" a vector bundle of inner product spaces on M with fibre dimension n, and
@ a Hom (#7)-valued metric on M. The real-valued bilinear form g(X,Y) =

1 tr (X, Y) on TM is a Riemannian metric on M, called the metric induced
m
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by &. ginducesmaps §: TM —T*M: X — g(X, -),and § = g7 : T*M — TM.
Define @: TM — L(T*M, Hom (#)): Y — &Y, (-)).

A Hom (#")-valued connexion on (M, @) is a linear map 11; (MY R I'(TM)
— (L(T*M, Hom (#"))) such that forall X, Y ¢ ' (TM) and smooth f : M — R,

VigY = VY, VfY = (XDO(Y) + 7Y .
Locally, a Hom (#")-valued connexion may be constructed thus. Let x* be
local coordinates on M, inducing coordinates 5; on TM and dual coordinates

dx* on T*M. Choosing %fj € Hom (#7) and setting v 2,07 = ; ffjak completely

determine ll; . For, given vector fields X = > x%9;, Y = 3, y’d;, we have
Vi¥ = X 2P, ¥ = 3 2,79,
3 1,7
= 7 XQW.3; + @:y)P@,))
%57

= 2 (Zx (207 + 00 3 0ue™) e
i 7

where @;;, = 9(5;,3,), g = 8&(6;, 3), (') = (gi)*. One may now construct

global Hom (#7)-valued connexions from local ones, using a partition of unity,

for one verifies at once from the local equation that convex linear combinations

of How (#")-valued connexions are themselves such connexions. Given 11/i ,
define the affine connexion IV induced by I; by V;Y = 1 tr ﬁ Y e I(L(T*M,
m

R)) = I'(TM).
Any vector field V' along a curve ¢: R — M determines a map 7*M —

w

DV

Hom (#7) along ¢, denoted and called the Hom (#")-valued covariant

w

derivative of V (related to @). The operation V' — by is characterized by

bw+v) _ DU . DV
dt dt d

If f: R — R is smooth, then

DUV) _ df s DV
a =t T
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If V is induced by a vector field Y on M, then
by _
= =r,Y.
dr =
3.1. Lemma. Thereisa unique operator —dDT satisfying these conditions.

Proof. Choose local coordinates x?, and write c(?) = (W), V = X v%3,.
Then

DV _ B(Ujaj) — 5 4 55 VIV ot
— ; T ; a1 ( ) + (Z a)
— Z d'Z)J dj(aj) + Z 'UJ = Z ﬁfjak
> %
drv] dul ® )
— &gt I T%10% »
z;k( ar g at )"

w

which proves uniqueness. Conversely, if —% is defined locally by this last ex-

pression, it has the desired properties. q.e.d.
Let 33 be the Lie algebra of the group G of the bundle B, associated to &.
Then a Hom (#")-valued connexion on M induces a Sj-valued connexion 1-form

2 on By defined by

G0 XD, W) = (B, ) (Trsxp0)@w)) — X(v,w) ,

where X € T, ,,Bg, and (v,w): M — V @ W. Note that if X is vertical, and
= (2?1/3) for (4,B) e 2‘_5, then the first term of ;(X) vanishes and the second

term just becomes (4, B) - (v, w). The kernel of ; is called the horizontal space
of the connexion.

We would like to define a compatibility condition on a connexion suggesting
invariance of @ under parallel translation. The obvious candidate for such a
condition would be

A4 oW, v) = @(DU, V) 4 @(U, BK)
dt dt dt

DU _ 1 DU
dt

<using some connexion in ¥~ to define i@(U , V)) , where
dt m dt
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Unfortunately this condition cannot always be realized. A similar but somewhat
weaker condition would “reverse the order of mapping into Hom (#7)” on the
right hand side of the equation and say in essence:

“ g bu Dy ”
25U, v) = ( ,V) g(U,--—).
72U =8l + di

This equation does not make sense, however, and needs rephrasing. To do so
we fix (throughout the sequel) some (real-valued) connexion on #”, also to be
denoted /. (In case #  is trivial we use the trivial connexion.) Then define a

Hom (#7)-valued connexion ; on (M, @) to be compatible (with @) if for any
parametrized curve ¢: R — M and vector fields U and V along c:

D DU, . DV . dw
D ow, v =(_ vy 2V U*) o, V)W
dt( U, w) 7 EV) + 7 EU*)w + &( )dt

It is clear that if 1170 is compatible with @, then F is compatible with g.

3.1. Lemma. I[f l; is compatible with @, then for any vector fields Y,
Y onM, and X e TM,

Vx(@(Y,Y)) = FzYEX)) + TLY)EY)* .

A connexion 17; is symmetric if 11; Y — ;YX =@([X,Y)) forall X,Y e
I'(T™).

3.2. Lemma. A convex linear combination of compatible (respectively,
symmetric) connexions is compatible (resp., symmetric).

3.3. Proposition. A rnecessary and sufficient condition for the existence
on M of symmetric connexions compatible with © is that V,@;, + V;@r; +
V@) = 0. The self-adjoint part of such a connexion is determined by these
characteristics.

Proof. Let u?® be local coordinates. We have

Vi = F;0,)(80:) + (7;,0:)(£6,)% .

Permuting indices and using symmetry yield
(1) VPidye = (72283 + (7:0(88)* ,
(8) V0 = 75 0)(@0:) + (V,,8,)(800)% ,

(9) 7s; = (7,0(80) + (7, 0:)(83)% .
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Call the adjoint equations (7)*, (8)*, and (9)*. Then (7) 4+ (8) — (9)* gives

(10) F3,)@8)" = P By~ V@i — V2D, .

This proves the second assertion. To prove the first assertion it suffices by the
previous lemma to construct symmetric compatible connexions locally and use
a partition of unity. To construct locally a suitable skew-adjoint part, note
first that for a symmetric compatible connexion, 9,9,; is self-adjoint, and (7)
—(M* + @®) — ®)* + (9) — (9)* is identically zero. It follows that if for
each triplet {7, j, k} (at least two distinct) an arbitrary value is assigned to (say)
(I?' 2,05)(£3)’, the other permutations can be determined by (7), (8), (9). These
then determine the conpnexion. gq.e.d.

It should not be surprising that compatibility and symmetry do not determine
the connexion. In the usual case of a complex manifold with hermitian metric,
the connexion is not determined by these conditions—one may also specify that
the anti-holomorphic part of the covariant derivative vanish on holomorphic
vector fields (a skew-adjoint condition).

There are two natural ways to define a Hom (#7)-valued second covariant

derivative, namely, as ﬁ <FyZ) or 7V X(lg vZ). (The latter definition depends on
the fixed connexion in #”: specifically

Tz Z)EUW = Vx(FrZ2)(EUW) — Ty 27 80w — Ty 2)(EUW 2w ,

where on the right the first and last I’ refer to the connexion in %".) In general

these are unequal. When they are equal the connexion F is said to be invariant.
U w ~ w

3.4. Proposition. ThatV isinvariantimpliesV = @ V. IfV is symmetric,

compatible with @, and satisfies ﬁ = @oV, then E is invariant.
Remark. This proposition implies that for a given connexion on #~ there
is at most one compatible invariant symmetric connexion.
Proof. The computation is local. We adopt the summation convetion. Let
X = x%9;, Y = y78;, Z = z*9,. Then
VyVyZ) = x*(6,(0*(8,2" + ijfj)@pagar
+ Y@ + PTG,
Vi(VyZ) = x(V (y%(0,2%D4s8" + 20 %,)
+ YP(0,29008% + 2L I3, .

Expanding and cancelling like terms, this implies that 11; ~TvZ) =V X(I; vZ) if
and only if for all «, 7,
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@YD (590458 + ¥(0.2) 495,87
+ Y U@L + Y@z, + YT,
v = (6ayp)zq112;q + yp(aazq)f;q + .v”zq(af;q)
+ Y2(8,2)008 T h, + ¥ 2L 4T h, + Y7(0,290.(D 8" -
If ¥ and Z are chosen locally constant, (11) becomes

w

V2@ I8 B g + ThIny) = yio@fy, + T4T) .
Whence for all &,7,],7,
(12) @I2)Pue™ + i1, = 0,05, + 4T, .
Cancelling these terms in (11) and then choosing only Z locally constant give
(13) 8@, =T,  foralli,j,y.
But this is just the assertion that for all 7, j,
W, 5)dxr = (7,,9,)dx" .

Since both &(F,3,) and 4 2,0; are function-linear maps 7*M — Hom (%),

this implies that ¢(F 507 = ﬁ »,0; for all i,j, whence clearly oW x0;) = ﬁ x0;
for all X,j. Now if ¥ = y/5;, then

VoY = V(373 = (Xy)0@,) + yV+,
= B(Xy)3,) + YO x3;) = B £Y) .

Conversely, suppose 11; is compatible with @ and V = $oF. Then

V20U, V) = 7z U)@EV) + F5V)(EU)* by compatibility
(14) = Q0 ,U, V) + 0P xV)(EU)* by (13)
=W U V) + O, V) .

But then

7 x5 Z)(EU) = V(3 Z)(@U)) — 1 Z)(F 2(2U))
=V (@QW+Z,0) — OWZ,VxU) by (13) and compatibility
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= OWVvZ, U) + OWyZ,VxU) — OWZ,VxU) by (14)
= OWVyZ, U) = (P V) v2)EU

= (77 2)(U) by (13). q.e.d.

It should be noted that invariant compatible connexions do not necessarily
exist.

Examples 1 (cont.). A Hom (R)-valued connexion is just a usual real-valued
connexion ; it equals its induced affine connexion. Compatibility is the usual

Riemannian compatibility %g(U V)= g( 121 :J , V) + g( U, P‘%/—) Symmetry

is the usual symmetry of an affine connexion, and since @ has no skew-adjoint

part, the compatible symmetric connexion is unique. Also, since /' = F, it is
trivially invariant.
Example 2 (cont.). In the Hermitian case a Hom (R*-valued connexion is

a real-linear map TM ® TM — L(T*M,Hom (R?). If 119 is compatible and

symmetric, then (10) gives (119 20080 = 20,04 + 2;0x; — 0,P;;). But for
this @ the self-adjoint parts of the @,;, and hence of the 5,9,;, are always

multiples of I. Hence the self-adjoint part of 7 must be a multiple of I, so we
actually have 119 :TM Q@ TM — TM @ C. Also, Proposition 3.3 then specifies
that compatibility implies the closure of the K#hler form ¢/, i.e., that (M, @)
is Kdhler. Equivalently, if Y is a vector field, choose X, - - -, X,,_, locally in-
dependent and perpendicular to Y and JY; set Y = X,,_,, JY = X,,. Then
by compatibility,

T IEX) = T X)E@IYV)* =0,

IV Y)@EX) + IV X)EY)* =0,

SO
2 JY — I Y)EX) = —JF 2 X)EY) + T X )EIY)* =0,

and J is parallel with respect to F. In this case

GW U, V) + O, FiV) = FxU, VS — F5U, IV
U, PV — U, IV 3V
= VU, VI — U, IV = V1 ®(U, V) ,

w 4 - -
so the connexion V = @ oF is invariant.
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Example 6 (cont.). In the Clifford situation as in the previous example
compatibility and symmetry imply that the self-adjoint part of Visa multiple

of 1. In this case, though, there is no guarantee that lu% xY is automatically in
TM ® ¥. However, it is clear that if the free choices of skew-adjoint parts
are chosen in %, then the connexion will take values in TM ® ¥. Now suppose
w ¢ €. Since TM, has structure of Clifford module, we may form the vector
field wY for any vector field ¥ on M. Using precisely the same argument as
in the previous example, we find that compatibility and symmetry of connexion

imply that 4 WY = wﬁ ¢Y, while invariance implies that F';wY = wl,Y.

4. Torsion and curvature
Throughout, #" is considered to have fixed connexion F with covariant

derivative 2—

The notion of Hom (#")-valued torsion is developed following the G-structure
method of Singer-Sternberg [5]. If H,, 4, is a horizontal subspace of T, ,,Bg,
then via the identification of H,, 4, with ¥V under o, we get a map

Coripy: VAV SV QW*Q@W: (u,v) > do(X NY) = d(do(X A T)),

where X,Y e H, ,), o(X) = u, o(Y) = v. If Hy, ,, and H}, , are two hori-
zontal subspaces, there exists a map S: V — $§ defined by §(\V/)<p,q) =Y, —%,
where w(Y,) — o(Y,) = v. Let X,,Y; € H}, ,, (i = 1,2) such that o(X,) = u,
w(Y;) = v. Then ’
Cut, yU A D) — cxp, (WA D) = do((X; — X) A YD) + do(X. A\ (Y, — Y7)
= do(SW) 0 A YD) + di(X; N\ S®@)p,q)
(15) = (SW .0y = d(Y)) — (S(V)p,q, — did(X)
= W(SWa)Y, — E®Nw)X,
= (Y (SWIP)r — (Y (S@)NPu .

Nowif ¥ : V — gl(V ® W* @ W) is any linear map, we may define the 2-form
W VAVSVRIWQW:uAv—Tw(@®) — T@)NPw). The span of
2-forms 6%, where & = ¥ oS for S: V — §, is denoted 9(¥ - Hom (V, 3)).
Then (15) implies that

CHlpp — CHG. € a(\b' o Hom (V; %)) -

doHom (W AV, V) (note

Hence there is a well-defined function c: By — (@oHom (V,J))
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incidentally that @ and +- are injective), called the (firsz-order) structure func-
tion of Bg,.

Suppose that 7 is a connexion on M and H,, 4 is its horizontal space. Then
define a Hom (1:‘A£ , Hom (#7))-valued 2-form T on M as follows. For
X,YeT,M,let X,Y ¢ H, 4, such that 7, X = X, .Y = Y, and define

T(X,Y) = (0, Qu(X,Y) = (p, g)cx,, ,(0X, oY) .

T is the torsion of (M, ®, 11;) It is clear that if 7 = 0, then ¢ = 0. On the
other hand, Fujimoto has shown [2, Corollary 3.4.1] that if ¢ vanishes a con-
nexion 1-form with vanishing torsion does exist.

We can also define a V & W* ® W-valued torsion 2-form J on B, by

T (X,Y) = do(HX,HY) = dl(p, @) (D) (p, DIHX,HY) ,

where H is the projection onto the horizontal space of the connexion 4
4.1. Proposition. 7(X,Y) =V 0(Y) — V0(X) — O([X, Y]).
Proof.

T(X,Y) = (9, )(Xa(¥) — Yo(X) — o[ X, YD)

= (0, DX G (D(74Y , §.0*)q")
h ?q_l(@z(ﬂ*fa g:P*_l ')q ')
- q-l(@(x*[fa Y]a gxp*—l ')Q')) -

Now let C be the integral curve of X through x, and C the horizontal lift over
C through (p, g). Then

(16)

0, D(Xg(D,(x. Y, §.p*+))
= C(0) im = (GoBow (¥ s EowPhas - 9oco)
— §"0.(z.Y, Z0*1)q-)
= 8O lim L€ Bea,(Y) — TO)(Y)

= lim —(COTO " Bew (Y — (1) = Txu(¥) .

Using a similar argument for Y, from (16) we have
TX,Y) = Vz0.(Y) — Vy$(X) — $.(X, YD) .

4.2. Proposition. An invariant symmetric compatible connexion has zero
torsion.
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Prgof. Forall X,Y,Ue TMI,~
Fx@XNEU) =V x(O(Y, U)) — &(Y)(EVU)

= (FyV)@U) + (FPxUNEY)*—B(Y,PxU) by compatibility.
Therefore
T(X, Y)(EU) = (72B(Y) — 7,BX) — 61X, YD)(EU)
= FxY)@QU) + FxU)EY)* — B(Y,V1U) — (7 X)(EU)
— Ty DEX* + OX, 74U) — O(X, Y1, U)

= TLU)@EY)* — O,V xU) — FU)EX)* + OX, VyU)
=0 by symmetry and invariance. q.e.d.

Note that a torsion zero metric may not have invariant connexion. (For in-
stance, in Example 2 a complex manifold need not be Kdhlerian.) Also note
that with any compatible symmetric connexion, tr 7 = Q.

Example 1 (cont.). Here the torsion equals its trace and is automatically
Zero.

Examples 2 and 3 (conz.). The torsion zero condition is that the almost-
complex structure be complex, or the almost-Hamiltonian structure be
Hamiltonian.

Example 5. In case (ii) recall that choosing suitable coordinates we obtain
O A=1I=C,

r N

._._a1
B= %
a;
\a, J
Suppose @, = -+ = Gg, eyy = 0 = Qoypeys - = Qg 1f M is simply con-
nected, then torsion zero implies that M is a product of complex manifolds of
dimensions e,,&,, - --. In case (iii) for trivial #” and M simply connected,

torsion zero imples that M is a product of manifolds of dimensions according
to the numbers of equal pairs (4, a;). These manifolds will have certain addi-
tional structure induced by @.

Define the Hom (#")-valued curvature form

RX,VZ = Vx(VyZ) — PeF22) — Vix oZ
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where V is the affine connexion in #".
4.3. Proposition. Ifs: U C R*— M is a smooth surface, and V a vector
field on M along s, then

R(2, 2y D Dv _ D DV
ox oy dx dy dy dx

Proof. This is just a local computation. By linearity it will suffice to show
that for some local coordinate system,

D D DDa

I’% 8¢, G; 8 =
@000 = e T @

But

D D D D D D
Or — Or = V.0 — Vs,
dxt dxi © dxi dxt © dxt o dx’ "a0)

= Vaii;a,-ak - Va,ﬁa.;ak = ﬁ(ai: 0,00 -
4.4. Proposifion. R(X,Y) = —R(Y,X). If I is compatible, then

RX,V)Z + R(Y,2)X + R(Z,X)Y = 0.

Proof. The first relation follows at once from the definitions. By multi-
linearity it suffices to prove the second only in the case where [X, Y] = [Y, Z]
= [X,Z] = 0. In this case,

R(X,Y)Z + R(Y,2)X + R(Z, X)Y
= Vy(FyZ — F,Y) + VP X — VyZ) + Vy(F5Y — FpX)
= V.0(0Y,Z]) + Vyd(Z,X]) + V,(X,Y]) by compatibility
=0.

4.5. Propoition. Suppose that 11; is invariant, and x € M. Then Iyé(x) =0
if and only if R(x) = tr R(x) = 0.

Proof. = is obvious. Conversely suppose R(x) = 0. Then Iué(X > Z
= ViV Z — Vi 3Z — Vg nZ = BWVyZ — Vil 3Z — Viy 11Z) — PR,

Z2) =0. q.e.d.
We wish to investigate the implications of constant curvature in the Hom (#")-

valued setting. We shall say that M has constant Hom (#")-valued curvature
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at xif (R,(v,, v,)v,)(&v,) depends only on |v,], |v,], g(,, v,) and the orientation

(v,: v,). (We continue to suppose l; to be invariant through this discussion.)
In that case tr (R (v, v)v)(gv,) = g(R(v,, v,)v,, v,) will depend only on these
guantities also, so that the sectional curvature K(p), which is independent of
them, will be constant. Hence we suppose in this discussion that M has constant
sectional curvature at x. Let v,, v, be an orthonormal basis for a plane p © TM,,
and w, = av, + bv,, w, = —bv, + av,, @* + b* = 1, another basia with the
same orientation. Then

(Iwi(wn wIw)(Ew,) = R, wIw)(Ew,) = G(RW,, ww;, w,)
= @(R(av, + bv,, —bv, + av,)(av, + bv,),
— bv, + avy)
= O(R(v,, v,)(av, + bvy), —bv, + av,)
= —ab@(R(v,, v)v,, V) + abOR(v,, v,)0,, V)
+ @@(R(v;, v)v,, V) — B*OR(V,, V)05, V)
= O(R(w,, v,)v:, v,) + skew-adjoint terms.

Using the basis w,, —w, with opposite orientation gives the same resuit. Hence
the symmetric part of (R(v,, v,)v,)(gv,) is invariant under change of ortho-
normal basis.

If v,, v, are an arbitrary basis, by considering the orthonormal basis

(& [\ v, — 81, V)V
[v, (02[([0; v — 8wy, v))

we find that symmetric part of

(R(v,, v)v)(£v,)
|01, — g(vy, ¥2)°

is invariant for all v,, v, € p. We define this to be K(p)”.
Now as M has constant sectional curvature at x, if » > 3 we have

R (v, v)v, = c(§(0,, v)v; — &(v,, V)01 ,

and therefore for any v,, v, € TM,

(ﬁx(vl, )0)(8v,) = c@(g(v,, vV, — (Vs V)V, V)
= c(v, [P (v,, v) — g, v)P (¥, vy)) .

Hence
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c(|v, [P (v,, v;) — $8(vy, VI(D(y, V) + P(,, 1))
[:[fv. " — (v, v)°
_ (v PPy, v) — 38(,, ) (D), ) + P(v,, 1))
1| v,fF — g(vy, v)*

or

D(v,, v,) — O(v,, v)
|0, [0,

for all v;, v, € TM,, i.e., there exists ¢, € Hom (#",) such that @(v, v) = [vf¢;
for all v € TM,, and whence &(u, v)”’ = g(u, v)¢, for all u,v ¢ TM,.

The skew-adjoint part of (I’sz(vl, v,)v)(8v,) is

%g(vl, VO, v) — B(v,, v,) = —%g(vl, )0, v,)’ .

For any oriented basis v, v, for p, @(v,, v,)’ /(v ]qv.] — g(w,, v,))¥* is in-
variant. This element of Hom (#",) is denoted K(p)’. Hence, if M has constant
curvature (n>3) at x, we may write for all v,,v,e TM_,

R.(v1, v)0)(8) = c((0,f|v,f — 8, 1)),
— gy, v) (v v, [ — 8wy, v)DY*K(D)) ,

where v,, v, is a basis for the oriented plane p € TM,. But for n > 3 the
bundle of oriented planes in TM forms a connected double cover of V,(TM).
Thus, if » > 3, then K(p)’ = 0. Hence

4.6. Proposition. Unless O(u, v) is self-adjoint for all u,v eV, (n > 3),
there are no manifolds with Hom (#")-valued metric of type @ and constant
Hom (#")-valued curvature. The self-adjoint part of the curvature is con-
stant if an only if the metric § has the form O(u,v) = g(u, v)g, for some fixed
&, € Hom (#",).

We now return to the general (not necessarily invariant) case. One may

w
derive the curvature form from the connexion 1-form ¢, giving a structural
equation. Indeed, define a (-valued curvature form # on B, by

22X, V)@, w) = (0, )[Rz, X, 7, ¥)pv)gw] ,

where X,Y ¢ T, o, B;. Note that Z(X,Y) = d;(HX,HY) where H is pro-

jection onto the horizontal subspace of ¢.
4.7. Proposition (structural equation).
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d6(X,Y) = —6 A $(X, Y) + A(X,Y) .
Proof. If X and Y are vertical, and X = 4, Y = B, then

d§(X,Y) = X§(¥) — Y$(X) — §(X, Y]) = XB — YA — [4, B]

= —(ADX,Y) = -G A PX, V) + AX,Y) ,

since & is horizontal. If X = A is vertical, and Y horizontal, then
dF(X,Y) =0 = —(§ A HX,Y) + RX, Y) .
If X and Y are both horizontai, then due to ;(X) = ;(Y) = (0 we have
d3(X,Y) = dg(HX,HY) = (X, Y) = —($ A )X, Y) + AX,Y) .
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